
 

We start our discussion w themaximumprincipleforsymmetric 2tensors

Im Letgal be a familyofRiemmetrics on closedM Let 1 1 be a

familyof symmetric 2tensorssatisfying

2014 Agua Xlt FX β

where β α g t is a symmetric 2 tensor whichis locallyLipschitz in allof
its arguments and satisfies the nulleigenvectorassumption whenever

VIn.tl is a nulleigenvectorofα t i e αijVs nit 0 wemusthave

β Viv nit BigVivi mit 30

If 210 0 then α 720 220 sit the solution exists

See Hamilton's 3manifolds paper or Chow Knopf fora proofofthis

Applications all in Pset3

In dim 3 for closed manifolds

1 Ri 20 is preservedalong theRF

2 The pinchinginequality Rij ERG is preservedalongtheRF

EE

3 Rig IRgig is preserved along theRF



4 Let Mgh be a RF on a closedsurfair w positivecurvatureand

define

Qij ViFj logR R 1 Gig
Then Qij 20 t This is calledthe matrix Harnackestimatefor
theRF on surfares



Understanding theevolutionof Rm

Recall we proved along theRF that

Rijk ΔRijki Rijp Ra ki 2Rpik Rj re 2RpirRj k
Ri Rpjk Rj Ripki RtRippi ReRight

on the assignment we provethat if we define a newtensor

Bijk RipqjRk

then Bijk Bjiek Bking

and

Rijk ΔRijk 2 Bijke Bijek Bikje Biejk

Ri Rpjk Rj Ripki Rk Rippi ReRijiap

Uhlenbeck'strick

The ideais to fixthe initial tangentbundle w the initialmetric

fixed and then to evolve the isometry b w this fixedbundle

and the tangent bundle of its evolvingmetric



Let U M be a v b isomorphic to TM M w fined time inde

pendentmetric h g o Let

io V TM be the identitymapand so h it 9101

Clearly io is an isometry Letglt be a RF on M w 810 goand

we'd like to extend io to a familyofbundle isometries it so
that h 2 g t V t Evolve i by the ODE

i Rico i

i 10 20

where we view Ric as a 1 1 tensor i e an endomorphism

ofTM using the metric Ri 7 R 2

we have a 1 parameterfamilyofbundle isomorphism
Ux O T TM

Lemmo The bundlemap it Vin TM 9H is an

isometry t

Proof 219 ieIv it v7F 29 iii ins 2g sticus in

2Ri icu icu 2g Ric iwi ill



O

UsV
it g t is independentof t 1 get it g o h

remains an isometry

As a result we can look at Rm insteadofRm
The LC connections 7H F RM XPTM P TM pullbacks

to connections Dct on V

DH i t t P RM XP V PCV w

7 x 5 k 3 Tx 2131

And hence we can define i Rm

itRm X Y Z w Rm i x i s z i w

for X Y Z WE Vx for me M

Let be local coordinates defined on an openset UCM

and let laSai be a basisofsectionsof V restricted
to U

so we can write

near If it w i'a thecomponentsofthe
bundleisometry i t



8 Rabid Rm earebreated

q
2aibicidRijk

we candefine the Laplacianacting on tensorbundlesofRMand

V by
trg TpoTp Foli Tb j

w F j 3 xj̅ i 3

Lemma lfg.lt is a RF and it enduesby theODEdescribed
above there itRm enduresby
2 Rabad Rabid 2 Babad Babdc Barba

Badbc

w Basid h 45MRaefbRegina

Proof By defn Deika Re ita

a Rased iii iid Rijian

seria initialRijic i set iiidRijia
idijitid Rijk



Rimiricid Rija it Riki idRijial
iii R miYRijic ailickm i Rijial

iainitial ΔRijk 2 Bijk Bijek Biaje Biejk

RiRpjk Rj Ripki Rkijpe RYR.jp

i a is ifi'd ΔRijial 2 Bijk Bijek Biaje Biejk

and wegetthelemma

1K

Structureof the evolutionequationofRm

We view Rm as an operator on 2forms

Rm 112TM APM w

RmU i Rijkill
e

If we define the innerproduct on A M by
U V UijV I then



Rm U V Rijk ll Vij RangVisU URmV1

we can talk about the squareofthe curvatureoperator

Rm RmoRm 12971 n M

Rm ijia RijpsR k RijpsR

There is anotherconceptofsquareforcurvaturewhich can
bedescri

bed as follows

Let g be a Liealgebra w
an inner product Let 6 be

a basis of g and let CTBbethe structure constants

09413 c Bpd

Let 6 be the dualbasis s t 4 413 8B
so if I is a symmetric bilinearform on g we regard
I as an element

of g sg
whosecomponents are givenby

Lap L Ppt

This gives a commutativebilinearoperation on symmbileforms



L and M by
L Map C C

S
LesMes

we definethe Liealgebrasquare 1 Eg Osg of 1 by
F ap

L hap 0280,5Lretss

Lemma If 120 then 20

Erease

now observe that seeMr AAnM can be giventhestructureof a
Lie algebraof 0in spaceofskewsymmetricmatrilesConcretely

if U V EARM

U V g UikVej Vialli

In a local on frame e
any2 form U

E Uig whichis a

skew symmetricmatrix so the aboveformula isjust
UIVJij UV VU ij

and it gives a Liealgebra iso b w g 12AM 3 soon



Endow this lie algebraof w the innerproduct aboveandconsider
the basiselements dreindoes w the structureconstants

drinda dreadies
Ig city

dreindred

C dubndnd dreadus ij
Fantoon doo da 8,18 8 8 datadue

g Fsi s Csis E
Fsi ski s see
me

9 sis sis gresfsi.si
gkcs.is is gts 8 s si.s

8 Rmt
is
Rpquurasw.GG

TheCielisNotamistakeanditshouldn'tbe ki ThereasonisthatbydeftheoperatorRmonnisdefined as RmU Rijiaill RijerU

Allthis isto write ourmalietheorem

Theores if get is a RF them
at item ΔDRm Rm Rmtt



Proofs note

Rpquv C Rpquut 9 sis Sis g sis sis

g s 8 8s gts 8,8 Sis

Rpquv 9 8 8 8 S g 895 8789

and

RmDijk RequvReswn ah
we

RpquvRrswng9 8 8.5 8 8 g 848 Sis

R e Rajwk R k Raju Rj e Rrink

Rj a Raiwi

Biejk Bikje Bjeik Bjkil
2 Bikje Biejk

and
Rm
ija Rijps R

Sek Rips Risjp Rk Pe Rates

2 Bijki Bijek



and we get the proof fromthe previoustheorem

I


